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Abstract
In this paper we prove Banach type fixed point theorem for
complete M — fuzzy metric space. Also we establish some
fixed point theorems for generalized contraction mappings in
M — fuzzy metric spaces.
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1. Introduction

In 1965, Zadeh introduced the famous theory of
fuzzy sets and used it as a tool for dealing with
uncertainty arising outof lack of information about
certain complex system. Fixed point theorems in fuzzy
mathematics are emerging with vigorous hope and vital
trust. It appears that Kramosil and Michalek’s study of
fuzzy metric spaces paves a way forvery soothing
machinery to develop fixed point theorems for
contractive type maps.

Recently Sedghi and Shope [7]introduced D* -
metric space as a probable modification of the definition
of D - metric introduced by Dhage, and provesome basic
properties in D* - metric spaces. Using D* - metric
concepts, they [7] define M — fuzzy metric space and
proved a common fixed point theorem in it. In this paper
we prove Banach type fixed point theorem for complete
M —fuzzy metric space. Also we prove some fixed point
theorems for generalized contraction mappings in M —
fuzzy metric space.

2. Preliminaries

Definition: 2.1:- Let X be a nonempty set. A generalized
metric (or D* - metric) on X is a function: D* : X3 -
[0, ) thatsatisfies the following conditions for each
x,y,z,a €X

(i) D* (x,y,z) =0

(i) D*(x,y,2) =0, iff x=y=2z
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(iii)y D*(x,y,2) = D*(p{x,y,z}) (symmetry) where
p is a permutation function,

(iv)D*(x,y,z) < D*(x,y,a) + D*(a,z,z)

The pair (X, D¥), is called a generalized metric (or
D* - metric) space.

Immediate examples of D* - metric are

() D* (x, y, z) = max {d(x, y), d(y, 2), d(z, x) },
(b) D* (x,y, 2) = d(x, y) +d(y, 2) +d(z, X).
Here, d is the ordinary metric on X.

Definition: 2.2:- A fuzzy set M in an arbitrary set X is a
function with domain X and values in [0, 1].

Definition: 2.3:- A binary operation =:[0,1] X
[0,1] — [0,1] is a continuous t-norm if it satisfies the
followingconditions

(i) * is associative and commutative,
(ii) * is continuous,
(iiiya * 1 = aforallaa € [0,1],

(ivya*b < cxdwhenevera < cand b < d, for
eacha,b,c,d € [0,1].

Two typical examples for continuous t-norm are
a*b = abanda *b = min{a,b}.
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Definition:2.4:-The 3-tuple (X,M,*) is called a fuzzy
metric space if X is an arbitrary non empty set, = is a
continuous t-norm and M is a fuzzy seton X? X [0, o)
satisfying the following conditions for each x,y,z € X
andt,s > 0,

(FM-1) M(x,y,t) > 0,

(FM-2) M(x,y,t) = 1if andonlyif x = vy,
(FM-3) M(x,y,t) = M(y,x,t),

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t + 5)

(FM-5) M(x,y, *):(0,00) — [0,1] is continuous

Definition:2.5:- A 3-tuple (X, M,*) is called M — fuzzy
metric space if X is an arbitrary non empty set, * is a
continuoust-norm, and M is a fuzzy set on X3 x [0, o),
satisfying the following conditions for each x,y,z,a €
Xandt,s > 0

FM-1)M (x,y,z,t) > 0

(FM-2)M (x,y,z,t) = 1liffx =y = z

(FM-3)M (x,y,z,t)
is a permutation function

M (p {x,y,z},t), where p

(FM - 4 M (x,y,a,t) * M (a,zzs) <
M (x,y,z,t +5)

(FM - 5 M(x,y,z -):(0, ) > [0,1] is
continuous

(FM—-6)lim,_, M (x,y,z,t) = 1.

Example: 2.6:- Let X be a nonempty set and D* is the
D* - metric on X. Denote a*b = a.bfor all a,b €
[0,1]. For eacht € (0, ), define:

t

M ) ) lt = <
¥z t+ D*(x,y,2)

for all x,y,z € X, then (X,M,*) is a M- fuzzy
metric space. We call this M-fuzzy metric induced by D*
- metric space.
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Thus every D* - metric induces a M-fuzzy metric.

Lemma: 2.7:-[7] Let (X, M, *) be a M-fuzzy metric
space. Then for every t > 0 and for every x,y € X we
have M(x,x,y,t) = M(x,y,y,t).

Lemma: 2.7:-[7] Let (X, M, *) be a M —fuzzy metric
space. Then M (X, v, z, t) is non-decreasing with respect
tot, forallx,y, zin X.

Definition: 2.8:- Let (X,M,*) be a M-fuzzy metric
space. For t > 0O, the open ball By (x,,t) with center
x € Xandradius0 < r < 1 isdefined by

By (x,1,t) = {yeX:M(x,y,y,t) > 1 — 1}

A subset A of X is called open set if foreach x € A
there exist t >0 and 0 < r < 1 such that
By (x,1,t) € A.

Definition: 2.9:- Let (X,M,*) be a M — fuzzy metric
space and {x, } be a sequence in X

(@) {x, }is said to be converges to a point x € X if

lim M(x,x,x,,t) =1 forallt>0

n—oco

(b){x, }is called Cauchy sequence if

lim M(xn+lo »Xntp » Xn ,t) =1 forallt > 0,

n—oo

p>0

(c) A M — fuzzy metric space in which every Cauchy
sequence is convergent is said to be complete.

3. Main result

Theorem: 3.1:- Let(X, M,*) be a M-fuzzy metric space
with t+t >t for all te[1,0landT:X - X be a
mapping such that for all x,y,z € X andt > 0 with
XF+YyF+Z
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M(T.T,T,t)

M(x,y,z,t) *M(y,z,T,t
>min{M(X,Y,Z,T), (,3,2,8) * M(y y')}

M(x,x,T,,t) * M(y, v, Ty,t)

For any point x, € X the sequence{T"(x;)} has a
subsequnce converges to u.
Then u is a unique fixed point of T.

Proof: Letx, € X be any arbitrary fixed point.
Define a sequence {x,} in X as x4 = T,, forn =
0,1,2,..

Supposex,, = x, 1 for some n.

Then x, =T, thus x, = u isa fixed point of T.

Let x,, # x,,4 forall n.For n> 1 we have.

M(Xn X0 Xn+1.t) = M(TXp.2 TXn1, TXn 1)

Since x, = T"x, has a subsequence x,, converges to u.
We have lim M (%, X ) = 1 e (D)

Sincel>L = }‘l;i_{?oM(xnk’ Xnpr Xnpyq t)

. t
1>L=> }}I_I)EOM (xnk,xnk,u,f)

t
nk+1'xnk+1‘§) =1x1

* M(u,x

1>1%+1
Which is contradiction, Hence L=1
Therefore M(x,,, , Xy, Xn, 1) = 1
andlim,, o, M (X,, Xy, Xp41,t) =1
Thus{x,,} is cauchy sequence.

Suppose L < 1
Since x, = T",, has a subsequence x,, converse to u.

We have I}i_{gM(xnk,xnk,u, t) =1
Now 1> L= M(x,,,Xn,,%n,,,t) =1

_ t t
= 1 () W (o)
=1=x1

= min {M(xn_lyxn_lyxn s t),

=min {M(xn—an—an , t),

M(xn—l,xn—l,xn:t)}
M(xn_an_l,Xn,t)

=min {M(xn_lixn_l‘xn ) t),
= min{M(xn_l‘xn_l‘xn , t), 1 }

Therefore,
M(xn,xn,xnﬂ , t) = M(xn_llxn_l,xn , t)

Thus, {M(Xn Xn Xn+1,t)} is monotonically sequence of
positive real number bounded above by 1.

It is convergent to a positive real number, say L
Therefore lim,,_,., M (X,,, Xy, Xp41,t) = L
Also the sequence {M (x,,, X, Xn4+1,t)} has a

subsequenceM (x,,, , X, Xy, ,,, t) = L

Now we prove that L=1
Suppose L< 1
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M(xn—1,xn—1,Txn,1_t) * M(xn_ljxn,Txnfl't) }
M(xn—l,xn—l.Txn_Lt) * M(xn—l.xn—l.Txn—l,t)

M (xp—1%n—1%n,t)*M(xy—1,%n Xnt)
M(Xn—l,xn—1,xn,t)*M(xn—1,xn—1,Xn ;t)

1>1x+1
Which is contradiction.

Now we prove u is fixed point of T.
Suppose u # T(u) we have.

M(u,u, T,t)
= Ill—rgo M(x”k+1’ x"k+1’ Tu' t) = lll—r)?o M(x"k’x"k' Tu' t)

M (x"k‘x"k‘Txnk’t) * M(%p,, 0 Ty

M (xnk,xnk,Txnk,t) * M(xnk,xnk,Tnk,

> ]lg?o min M(xnk,xnk,u, t),

(xnk X Tep, ,t)* M(xnk ,u,Tnk_t) }

M
llmk—>oo min {M (xnk; xnk! Uu, t)l M(xnijnk"['x”k,t)* M(xnk,xnk,Tnk,t)
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limy,_,,, min {M(xnk, Xnyr Uy t), "

M(u,u,u,t)*M(u,u.u.f)}
M (u,u,u,t)*M (w,u,u,t)

= min{M(u, u,u,t),

=min{M (u,u,u,t); 1}

=min{1,1}

=1

MQu,u,Tu,t) =1..........
Hence u = Tu.

4. Uniqueness

Suppose there exists 9 € X such that T, =9 and 9 #

u

Now consider M(u,u,9,t) = M(T,,T,, Ty t)
M(u,u,T,,t) * M(u,9,T,, t)

MQu,u, T, t) * M(u,u, T, t)}

> min {M (u,u,9,t),

. Mu,u,u, t) * M(u,9,u,t)
= min{M(u,u,9,t),

M(u,u,u, t) * M(u,u,u,t)

1*M(u,19,u,t)}

= min {M(u, u,9,t), o

min{M (u,u,9,t), M(u,9,u,t)}
=M(u,u,9,t)
M(u,u,9,t) > M(u,u,9,t)
Which is contradiction.
Therefore u is a unique fixed point of T.
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